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Abstract 
This paper deals with determining the global mobility of mechanisms using the TRIZ (Theory of Solving Inventive Problems) 
method. We present the formulae for a quick calculation of the global mobility and the signification of the notion ‘mobility 
number’ for mechanisms. This study underlines that by using this method it isn’t necessary to eliminate the passive elements, the 
passive limbs of parallel robots and the symmetry influence, from the calculus of mobility of mechanisms. Only the passive 
degrees of freedom in each joint that do not change the movement of the next element which must be assembled in an open chain 
have to be eliminated. We testify to the correctness of the new procedure by giving some examples. 
 
© 2010 Published by Elsevier Ltd. 
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1. Introduction 
Cebychev-Grubler-Kutzbach’s mobility criterion is a criterion for global mobility calculation, containing some 
structural parameters of the mechanism (Eqs. (1)- (3)). 
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where: 
m is the number of mechanism links, 
p is the number of mechanism joints, 
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if is the connectivity [10] of the joint i, 
ic is the degree of constraint of the joint i, 
b is the number of degrees of freedom of the space in which the mechanism functions, 
jb  is the mobility number for the loop j, 
q is the number of independent chains. 
Because the mobility must be greater or equal to 1, if Eq. (2) had been correct for any spatial mechanism with a 
single loop we would have obtained the condition that the number of the links be more than six (for planar 
mechanisms more than three). 
In the earlier works the systematic determination of the mobility of a mechanism involved the classification of 
mechanisms into three classes: trivial mechanisms, exceptional mechanisms and paradoxical mechanisms [9], 
according to the satisfaction or not of the mobility Eq. (2). 
The mechanisms that have a full cycle mobility and do not satisfy the mobility criterion are called 
overconstrained mechanisms.    
De Roberval proposed the first overconstrained mechanism in 1670, Sarrus the second in 1853 and Bennett the 
most famous overconstrained mechanism in 1903.  
Bennett (1914), Delassus (1922), Bricard (1927), Myard (1931), Goldberg (1943), Waldron (1967, 1968, 1969), 
Wohlhart (1987, 1991, 1993), Dietmaier (1995) realized interesting overconstrained mechanisms, too. 
In 1927 Bricard showed that the mobility equation is not correct for all the situations [15].  
In [6] it is explained why the formulae for a quick calculation of the mobility do not work for certain 
mechanisms. 
Waldron summarised all four-link overconstrained linkages that are made up of lower kinematic pairs. 
Myard realized some paradoxical non-common mechanisms with five and with six rotational joints with mobility 
one [14].  
Baker, Pamidi, Soni, Dukkipat, Lee, Yan, Savage, Hunt, Mavroidis, Roth and others analysed the 
overconstrained mechanisms and the mobility of mechanisms ([5], [6], [7], [8], [9], [12], [13], [15], [16], [18], [20]). 
Mavroidis and Roth distinguish four classes of overconstrained mechanisms [12]: 
y symmetric mechanisms (symmetrical topological chart is considered a necessary condition for 
overconstrained loops) 
y Bennett based mechanisms 
y combined special geometry mechanisms 
y mechanisms derived from 6 joint manipulators which have less than 6 degrees of freedom for their end-
effector motion. 
The universal Somov-Malushev’s mobility equation (Eq. (4)) is valid for the overconstrained mechanisms 
because it contains the s parameter - the number of overclosing constraints (some examples can be found in [11]). 
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B is a motion parameter of the space of a mechanism (B=3, for planar mechanisms, and B=6 for spatial 
mechanisms), and pf  is the number of passive degrees of freedom. 
Lately, scientists’ interest in the mobility calculation of different mechanisms hasn’t ceased ([6], [7], [8], [1], 
[3]).  
2. Inventive principles utilized in different calculations 
In the Mechanism and Machine Theory there are different inventive principles which are applied to different 
calculations.  
In this way, in the structural and kinematical analysis the segmentation and the assembly of the elements are 
sometimes used.  
Wittenburg (1977) and Haug (1989) used cut-joint methods. A mechanism is modelled by its graph (an element 
is defined as a node and a kinematic joint is defined as an edge). An edge is cut in each independent closed loop to 
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form a tree structure, called spanning tree (Bae and Haug 1987, Tsai 1989). The joints that are cut are replaced by a 
set of constraint equations [21].  
We remind the method of studying overconstrained mechanisms, using the solution of inverse kinematics 
problem (Raghavan, Roth and Mavroidis) [12, 13]. A 6 link linkage is kinematically equivalent to a 6 link 6 joint 
open serial manipulator whose end effector coordinate system is identical to its base coordinate system.  
The splitting of one element was utilised by Dudita and Diaconescu (1987) for the calculus of the global mobility 
of mechanisms with a single loop [4]. 
The method based on single opened chain limbs (SOC, a set of serial binary links) was utilized by Yang, Jin et. 
al. (2002) in the structural analysis of parallel robotic mechanisms [17]. 
The splitting of the platforms (the reference platform or the mobile platform) was used by Gogu (2005) for the 
calculation of the global mobility of multi-loop parallel robots [6, 7]. 
The author of this paper has analysed until now some creative methods utilised in technique.  
This study deals with the elimination of the contradictions that appear in the global mobility calculation of some 
mechanisms, using inventive principles recommended by the TRIZ method. 
3. Formulation and elimination of the contradictions in the global mobility calculus of mechanisms 
The methods known for the calculus of the mobility of mechanisms are grouped into two categories: one based 
on setting up the kinematic constraint equations and their rank calculus and the other without need to develop the 
constraint equations, for a quick calculus of the global mobility. 
The TRIZ method will be utilised in order to eliminate the contradictions which appear in the global mobility 
calculus of mechanisms ([2], [19]). 
The contradictions which must be eliminated in this case are: we want to improve the precision of calculus of the 
degree of mobility for any mechanism (‘reliability’ (27)), but on the other hand we want to use the simplest possible 
relations (that means avoiding the kinematic constraint equations, which are complicated), and also we want 
parameters easy to determine (we want to avoid worsening the characteristics ‘device complexity’ (36) and ‘ease of 
operation’ (33) respectively).  
These two contradictions (27/33 and 27/36) can be eliminated by one or more inventive principles recommended 
by the Contradiction Matrix: 27 (‘cheap short-living objects’), 17 (‘another dimension’), 40 (‘composite materials’) 
and 13 (‘the other way round’), 35 (‘parameter changes’), 1 (‘segmentation’) respectively.  
The following inventive principles were used for a quick calculus of the mobility of mechanisms: 
y 1 (‘segmentation’) – we can segment the mobile or reference elements with the rank greater or equal to 2, 
so that the number of the elements, including those appeared by segmentation, become equal to the number 
of simple kinematic joints, 
y 27 (‘cheap short-living objects’) +17 (‘another dimension’) – we operate only mentally, by simple action 
upon the mechanism: for a short time we suppose that all the elements are disjoined and free in space, 
including the segmented elements; one single frame remains fixed; after this, we recompose the 
mechanism.  
 We can conclude: 
y we segment the elements with the rank greater or equal to 2, including the frame, until the number of 
elements is equal to the number of joints; 
y we disjoin all the kinematic elements of the mechanism, including those which are segmented, even if they 
are segmented frames, except one attached to  environment; 
y there are allowed all the movements in  space; 
y the number of degrees of freedom of the new system is 6m, where m denotes the number of all movable 
elements, including the temporarily segmented elements; 
y we make an element rejoin the frame, and thus the degrees of freedom of the temporary system are 
diminished by the constraints of this joint; the procedure is repeated for all elements that can temporarily 
move in space (or in plane) until we obtain a spanning tree structure; the mechanism is thus partially 
rejoined; 
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y it is investigated to the spatiality of the extreme segmented frame from the first open chain, that must be 
rejoined (the independent relative motion between the extreme element and the reference element of the 
open chain); it is possible that a part of the degrees of freedom of the segmented frame be annulled by the 
previously assembled linkage (if the mechanism is overconstrained); 
y it is investigated carefully to the spatiality of the extreme element (which was segmented) of one open 
chain attached to previous loops [3]; the input movements in this open chain are determined by the 
movements of the previously assembled loops; in some cases, the input movements in one open chain 
represent the spatiality of the element to which it is coupled; this element is integrated only in the 
previously assembled loops; this step is repeated for all open chains that must be rejoined;  
y the spatiality of all extreme elements of the open chains is eliminated from the previously calculated 
degrees of freedom, and thus the mechanism is rejoined. 
4. The formulae for a quick calculus of the global mobility, using the TRIZ method 
According to the TRIZ methodology for the global mobility calculus of mechanisms (presented above) we can 
write the Eq. (5). 
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where: 
q is the number of independent chains, 
p is the number of joints of the mechanism, 
m is the number of all movable elements, including the segmented elements; it is equal to the number of joints of 
the mechanism,  p,  
ic is the degree of constraint of the joint i, 
kpf  is the number of passive degrees of freedom in the joint k that do not change the movement of the next 
element which must be assembled in the open chain, 
1b  is the spatiality of the additional extreme element of the first considered open chain associated to the closed 
loop, 
jb  is the spatiality of the additional extreme element of the open chain j (associated to the closed loop j), attached 
to the previously assembled loops (j-1); j=2,..,q. 
Because ic =6- if  and m=p, Eq. (5) is reduced to Eq. (6). 
if is the connectivity of the joint i. 
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For a mechanism with one or multi-loops it is possible to utilise the mobility Eqs. (5) or (6). 
5. An example of mobility calculus of the Sarrus mechanism using the TRIZ method 
Figure 9 illustrates the diagram of the Sarrus mechanism. There are six joints with 1fi  . 
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Figure 1: The diagram of the Sarrus mechanism. 
 
In figure 2 we can see the practical realisation of the Sarrus mechanism and figure 3 shows the mechanism in two 
different positions. 
 
 
 
Figure 2: Practical realisation of the Sarrus mechanism. 
 
 
 
 
Figure 3: Two different positions of the Sarrus mechanism. 
 
We realise a didactical model where we segment the element 1 into two parts for an easy understanding of the 
calculus procedure (Figure 4). 
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Figure 4: The didactical model of the Sarrus mechanism. 
 
In figures 5-9 we can see the independent movements Tx, Ty, Tz, Rx, Ry of the extreme element 1 of the open 
chain 0-3-4-2-6-5-1, associated to the loop.  
So, the extreme element 1 of the open chain, associated to the loop, has the spatiality 5 (Tx, Ty, Tz, Rx, Ry); 
b1=5. 
When we rejoin the kinematic chain we observe that each degree of freedom of every joint modifies the 
movement of the next kinematic element, and so, the number of passive degrees of freedom of the joints becomes 
zero: 0=䌥
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Figure 5: The independent translation Tx of the extreme element in the open chain. 
 
 
 
 
Figure 6: The independent translation Tz of the extreme element in the open chain. 
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Figure 7: The independent translation Ty of the extreme element in the open chain. 
 
 
    
 
Figure 8: The independent rotation Rx of the extreme element in the open chain. 
 
 
    
 
Figure 9: The independent rotation Ry of the extreme element in the open chain. 
 
6. An example of mobility calculus of a mechanism with one passive element 
We consider the mechanism shown in figure 10, where AB=DC, AB//DC, BC=AD, BC//AD. 
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Figure 10: A planar mechanism. 
 
Let’s suppose that all the elements are disjoined and become free in space, except one. Only one segmented 
frame remains fixed, the second becomes mobile (Figure 11). 
After segmentation and fictional motion in space (or in plane) the number of temporarily mobile elements 
becomes equal to the number of kinematic joints, i.e. four. 
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In this phase, the number of degrees of freedom of the system is 6 4, for a spatial movement, or 3 4, for a planar 
movement.  
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Figure 11: The decoupled elements. 
 
We rejoin the elements by rotational joints of V class, including the temporarily segmented frame (Figure 12) and 
the constraints of the joints are eliminated 5 4 and 2 4 respectively.  
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Figure 12: The open chain associated to the loop. 
 
The extreme element (0) of the open chain has the spatiality three: Rx, Ty, Tz (whether for a spatial or a planar 
movement); in order to compose the mechanism (Figure 10), three degrees of freedom will be eliminated. 
If we calculate the mobility of the mechanism by using Eq. (5), for a spatial temporary movement, we obtain the 
mobility 1 (Eq. (8)) and for a planar temporary movement we obtain the same result (Eq. (9)). 
M=6m-5p-b1= 134546     (8)   
M=3m-2p-b1= 134243     (9)   
The mobility of the mechanism is one. 
A point E, situated in the middle of the element BC, describes a circular trajectory, with the dimension of the 
radius equal to the dimension of the element AB. 
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Figure 13: The trajectory of the point E. 
 
We join an element EF on the point E (Figure 14).  
We present two situations: 
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y The length of the element EF is equal to the length of the element AB and the element EF is parallel to the 
segment AB (Figure 14). 
y The length of the element EF is different from the length of the AB element (Figure15). 
For the situation shown in figure 14 we calculate the mobility of the mechanism. 
For that purpose, we cut twice the frame, so that the number of the joints becomes equal to the number of the 
elements, i.e. 6 (Figure 16). 
 
4
F
E
0 00
31
2
A
B C
D
x
y
z
O
 
 
Figure 14 The mechanism with AB equal to EF. 
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Figure 15 The mechanism with AB different from EF. 
 
The mobility number of the element 6 is b1=3 (Ty, Tz, Rx), like in the previous example. 
Let’s calculate the mobility number of the element 5. With this aim in view, we check the possible independent 
movements of the extreme element 5 relative to the frame 0 (Figure 16). 
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Figure 16 The scheme for the impossible independent movement Ty. 
 
The point E is situated on the elements 2 and 4, at the same time. For this reason, in the case of an infinitesimal 
displacement Ty'  of the element 5, from the point F1 to the point F2, the final point E3 must be at the intersection 
of the circular trajectory T1 (the circle with the dimension of the radius equal to the dimension of the element AB, 
and with the centre of curvature in the point F1) with the circular trajectory T2 (the circle with the dimension of the 
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radius equal to the dimension of the element EF, and with the centre of the curvature in the point F2), that means 
between the point E1 and the point E2 (Figure 16, Figure 17).  
Ty' being very small, the point E3 must be very close to the point E1 (because we displace the point F from F1 
to F2), but at the same time it must be very close to the point E, which is the initial position (Figure 17). But this is 
not possible and the independent movement Ty of the extreme element 5 is not possible, too.  
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Figure 17 The detailed scheme for the impossible independent movement Ty. 
 
The same procedure is applied to the independent movement Tz, and the result is identical.  
But the movements Ty(Tz) and Rx are possible. That means the spatiality of the element 5 is: b=2. 
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For the situation shown in figure 15 we calculate the mobility of the mechanism. 
We cut twice the frame, so that the number of the joints becomes equal to the number of the elements, 6 (Figure 
18). 
The mobility number of the element 6 is b1=3 (Ty, Tz, Rx), similar to the previous example, but the mobility 
number of the element 5 is different because the length of the element EF is different from the length of the element 
AB. 
For that, we check the possible independent movements of the extreme element 5 relative to the frame 0. 
Mentally, we realize an infinitesimal translation Ty'  of element 5 from the point F1 to the point F2 (Figure 18). 
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Figure 18 The scheme for the independent movement Ty. 
 
Because the length of the element EF is shorter than the length of the element AB, the circle with the radius EF 
and the centre in the point F2 (T3), intersects the circle T1 (the circle with the dimension of the radius equal to the 
dimension of the element AB, and with the centre of curvature in the middle of the segment AD) in a point E2, near 
the initial position of the point E1 (Figure 18, Figure 19).  
It is possible, so the independent translation Ty is possible, too. 
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For the independent translation Tz the same procedure is applied; the independent movement Tz is possible. The 
independent movement Rx is possible, too.  
That means b2=3 (Ty, Tz, Rx). 
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In this case, it is known, the mechanism does not function. 
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Figure 19 The detailed scheme for the independent movement Ty. 
 
We can conclude that for the same type of mechanism, with 6 rotational joints and four elements, the dimensions 
of the elements have influence on the mobility number, that means on the mobility of the mechanism.   
7. Summary 
This paper summarizes the procedure for calculus of mobility of mechanisms using the TRIZ method. 
By using the TRIZ method it is not necessary to eliminate the passive elements, the passive limbs of parallel 
robots, and the symmetry influence, from the calculus of mobility of mechanisms. Only the passive degrees of 
freedom in each joint that do not change the movement of the next element which must be assembled in an open 
chain have to be eliminated.   
For the same type of mechanism, the dimensions of the elements have influence on the mobility numbers that 
means on the mobility of the mechanism.   
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